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€hroup'Character8 of Vartotis Types of Linear Groups.* 

Bt Herbert E. Jordan. 



Introduction. 



Id an article entitled Uber Gruppencharakteref Frobenius has determined 
the group-characters of the group of all binary linear fractional substitutions of 
determinant unity (when in their normal forms)^ the coeflBcients being taken 
modulo Pf an odd prime. In the present paper the same method is applied to 
more general types of groups. 

In Part I we consider the group H= SLH{2y p^)^ i> > 2, of all binary linear 
homogeneous substitutions in the G^^ [/)''], of determinant unity. By the aid of 
two theorems due to Frobenius on the relation between the characters of a 
group and those of one of its quotient-groups^ we deduce as a corollary the char- 
acters of the group F=LF{2jp^),p^2, of all binary linear fractional substi- 
tutions in the GFl^p^"] of determinant unity (when in their normal forms). We 
have also obtained these characters directly by the method applied to the group 
J7; the chief points of difference in the treatment are stated in foot-notes. The 
results are a direct generalization of those obtained by Frobenius. In Part II 
we consider the group Hi= SLH{2y p^), p=:: 2. This is identical with the 
group LF {2y p"), p=z 2. Part III deals with the group Fi of all binary linear 
fractional substitutions in the G^-F'[2)^], ^> 2, of determinant not zero. The 
group £ris treated with considerable detail ; the others briefly. 

Frobenius { has determined by another method the group-characters of the 

*The abstract of the above paper appeared in the BulUHn of the Atneriean MatJkematical Society, April, 
1904. Just recently Schnr has computed by different methods the characters of these same types of groups: 
Untersuchnngen uber die Darstellung der endlichen Grnppen durch gebrochene lineare Substitntionen, Crelle, 
Vol. 183, 1906-7, (Heft 3). 

I Berliner Sitzungsberichte, 1896, pp. 985-1021. 

X Ueber die Composition der Charaktere einer Gruppe, Berliner Sltaungsberichte, 1899, pp. 880-889. 
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groups SLH{2, Z), {2, 6), and of the alternating group on six letters of order 360, 
which is isomorphic with the group LF{2y 3^) of determinant unity. Burnside* 
has obtained the group-characters of the binary linear homogeneous group in the 
GF [2^ of order 604. The results in this paper agree with those for the above 
special groups. 

I. 

The Binary Linear Homogeneous Group H in the 6r^ [/)**], ^^ >2, of 

Determinant Unity. 

§1. 

The order of the group -ff is ^ =p^ {p^ — l).f For the substitution 



R- i-'^li".: ai-fir=i, 



we use the notation | -B= f^' v J . 

We first reduce the substitutions of ^Tto their canonical forms.§ For this 
purpose we consider the characteristic equation 

K^—K{a + S)+l=0 (1) 

of the substitution f^^ ^ j . If the roots of this equation are distinct we get the 
canonical form AorB: 

A: (P' ^ _i V pa mark =^ of the GF [ j9~], 

B : (J ^^i) , a a root of <r»+i = 1, 
according as the equation (1) is reducible or irreducible in the GF [2?*]. If the 

*Proc. Lond. Math. Soc, Series 2, Vol. I— Part 2, p. 116. 

fWe shall thronghont denote p* by «, except in the notation OF[p^]. 

i For the aubstitntlon B taken fractionally we use the notation B = I — r j . To the two sabititntions 
[ *^]and(_ ' _.jof ^corresponds the one sabstitation (~^] of F. We have therefore a two-to 



one 



correspondence between H and F, 

I Dickson Linear Groups, |$ 214-216, 225. 
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roots of (1) are equal they must be + 1 or — 1. We obtain then (possibly by a 
transformation of determinant not unity) the canonical form 

We define x = J (a + 5) as the invariant* of the substitution (^^ v j . 

If two substitutions of H have the same invariant, they have the same charac- 
teristic equation, and therefore the same canonical form. If two substitutions U 
and Fof J7have the same canonical form, there exists f a binary linear homo- 
geneous substitution TT belonging to the (?^[jp''] (but not necessarily of deter- 
minant unity) such that 27= W'^^VW. Precisely as in §226 (Dickson, Linear 
Groups) we can prove that if {7 and 7 have the same canonical form A or B, 
there exists a substitution Wiot H which transforms U into F; also that every 

substitution of -ff of invariant dc 1 (except ( ^' S\ and the identity) is 

conjugate within H to one or other of the types 

^«- i. 0, =fcl> 

^1- V 0, ±1> 

where f£ is a particular not-square in the GF\^p'^']\ and further that the two 
types Co I Oi are not conjugate within B. Hence we have the result : 

Two substitutions of H having the same invariant {not :b 1) are conjugate 
within H. 

A) Let p be a primitive root of the GF [ |>"] . The substitution R = (^^ _i j 
is of period s — 1. To study the conjugacy of the substitutions JB* = f^P ' __^ j 
we transform B^hy U = ( *' xj^ ^ — ^Y^^^i *^^ obtain 

In order that F shall be identical with R^ {i. 6., U commutative with Bf^) it is 

* In the case of F we define k =: ±\{a + 6)m the inyariant of the substitntion [ ^^ ] • 
tmckion, Linear Groups, $216. 

60 
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necessary that either afi=yS = 0, or p* — p-« = 0. The first alternative leads 
to two cases : 

1) if/3 = y = 0thenF = (PV»_,) = iJ-, F=( «;»_,); 

If It* djf: R" ^ we have s — 1 substitutions U commutative with E^ ; and there- 
fore JB* is one of « («* — 1)"^ (* — !) = «(«+ 1) conjugate substitutions. If 
-B* = J2"* then p* = p"*, which is the second alternative. According as p* = + 1 

or — 1, -R* is the identity or J2^i" =(~ ^ J ; each of these substitutions is 

conjugate only to itself. With the exception of these the powers of It are con- 
jugate in pairs, thus representing i {s — 3) classes of conjugate substitutionS| 
each class containing « (# + 1) substitutions.* 

B) The group H is holoedrically isomorphic with the group f Or^^p.n of 
substitutions 

^=(-B,l)> (^ + ^5=1), 

where A = A*iB the conjugate of A with respect to the OF [ j>*]* If (r is a prim- 
itive root of the equation a^'^^^=zl, so that a = a~~^, then the substitution 

/S= (^' ^T-0^® of period s + 1. As above we find that the powers of S, except 

S'^r = f^ ' 17*^^ ^*'*"S which is the identity, are conjugate in pairs, viz., 

S^ with 8"^ There are i{s — 1) classes represented by the powers of S, each 
containing s{s — 1) substitutions. I 



♦In tlie case of the group Fit S^ = B-^ either (f = p-^, i. «., J2* is the identity, or pi" =— /r^, which is 
possible only iX a — 1 is diyisible by 4 ; ^ = llx- is commutatiye with « — 1 sabstitutions U^ and is therefore 
one of } i (• + 1) conjugate substitutions. If we define ir as + 1 or — 1 according as « has the form 42 -|- 1 or 
4{ _ 1, where 2 is an integer, then we have ^(< ^ 3 + e) classes represented by the powers of it, each containing 
(M + I) substitutions except the class of period two, which contains i«(s + 1) substitutions. 

t Dickson, Linear Groups, p. 182. 

X The substitution 8 = i^ — A of F is of period }(< + !); the substitutions 8* (not the identity) are con- 
jugate in pairs except when e = — 1, and then i8^^ is conjugate only to itself and is of period two. We haye 
4 (« — e) classes, each containing « (« — 1) substitutions, except the class of period two, which contains ) < (a— 1) 
substitutions. 
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The numbers db a (ifc 6) taken mod. s — 1 (mod. « + 1) will be called 
indifferently the index of the class represented by B^ (S^). We have defined 

» = i (a + 5) as the invariant of the substitution f^^ v V The substitutions * 

B^ (S^) are characterized by the property that x • — 1 is a square (not-square) 
in the G^^[p*]- 

C) Consider the substitution 

T^ = Cqi\ f* a mark 4: of the (7i^[/)*]. 

Transforming T^ by U=(^' ^V ai — /3y = 1, we obtain 

V=U-'T,U=C-Jl'^ fit ). 

Tf^ is commutative only with those substitutions U for which )/ = 0, a = di 1, in 
number 2^ ; hence T^ is one oftf(«* — i)-7-2« = i(«' — 1) conjugate substitutions. 
We observe that the conjugate substitutions 7^^ and V have the property that 
(I and a?(i{a:^ 0), or fi and y^fi in case a = 0^ are both squares or both not- 
squares in the GF[^p'''\. This condition can easily be proved to be su£Scient for 

the conjugacy of 7], and F; ». e., a substitution Q = r\^ fi J , a' 3' — ^' j/ =i 1, of 

invariant unity is conjugate to T^^if (i and i3' (4^ O), or [i and — y' in case j3'= 0, 
are both squares or both not-squares in the GF[p'*']. 

The substitutions T^' v J (except the identity) of invariant + 1 will be said 
to belong to the class {(i) or to the class (v) according as j9 (:^ 0)^ or — y if ^=0, 
is a square or a not-square in the G^-F[jp"]. Similarly the substitutions f*' P J, 

except ( ^' 1 J > ^^ invariant — 1 will be said to belong to the classf (m) or to 

the class (n) according as /9(4: 0), or — y if ^ = 0, is a square or a not-square 
in the (7J^[i>*]. 

* The BxibBtitiitionB of period two baye the inYsriant zero. 

t To the two classes (/u) and (m) of JT" corresponds the one class (/<) of F; and similarly for (v) and («). 
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The substitutions* (\' J)*^^ (~^' _ J) will be denoted by (;i) and (0 

respectively. 

The total number f of classes of conjugate substitutions is \ {s — 3) + \{8 — 1) 
+ 4+2 = « + 4. 

Since the powers of R and S were shown to be conjugate with their recip- 
rocals, a substitution W and its reciprocal W"^ belong to the same class except 
when W belongs to one of the classes (/i^), (y), (m), (n). 

§2. 

We define a^^ to be + 1 or — 1 according as % * — 1 is a square or a not- 
square in the QF[p'''\j where x denotes henceforth any invariant except ± \. 
In place of b^ we write €. J 

The class whose invariant is x is denoted by (x). This notation is unique. 
For, two conjugate substitutions have the same invariant; and it has been proved 
that if two substitutions of H have the same invariant (not =b 1) they are conju- 
gate. Instead of x we shall nearly always use a, j^, /,..*• , and we shall denote 

the indices of the classes (a), (^3), (y), by =t a, ±6, ± c, respectively. 

These indices are taken mod. a — 1 or mod. « + 1 according as x ' — 1 is a square 
or a not-square in the GF [jp"] . 

Denoting by h^ the number of substitutions in a class (0) we have § 

K = h= 1, A^ = A, = A« = An = *(«'— l)i A« = «(« + 0- 

If 6. = 6, 6^ = — By the numbers II of classes (a) and (^) are \{8 — 2 — b) 
and i{8 — 2+6) respectively. 

We define^ ^^ as + 1 or — 1 according as — 2 (1 — ac) is a square or a not- 
square in the GF [i>"] . Then ^. = 6. (— 1)«. 

* The one corresponding substitution | ^ '-. j of JP will be denoted by (A). 

|.For F the total nnmber of classes is } (a + 5). 

} For the definition of e compare p. 890, foot-note*. 

SFor F we haye Aa= 1> A|«, = ^ = }(«' — !)« Ajc » < (« + eic)i A* = 1 < (« + e). The class (0) requires to be 
distinguished from the other classes (k) more frequently in the case of F tlian in the case of H, 

g For F the numbers of classes (a) and ()3) are J U — e) and J (« — 2 + e) respectiTcly. 

\ In the case of F we define ;;« as + 1, — 1, or according as — 2 (1 + x) and — 2 (1 —V) are both squares, 
both not-squares, or one a square and the other a not-square, in the &^[pn]. We also define 2^, as e. If 
i« = e then Va = (— D** » if en =— « then 9^ = ; further, ^^ = J (1 + eej C«- 
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§3. 

Three (distinct or equal) classes (a), (j9), (y) are called concordant if between 
their invariants there exists the relation * 

a^ + ^ + /— 2ai3y = 1 ; (1) 

otherwise they are called discordant. If we write (1) in the form 

(a«_l)(^_l) = (ai3-y)» 

it follows that e. = 6^; similarly £^ = f^. Hence three concordant classes must 
all be represented by powers of E or all by powers of S. If a and fi are given 
we find that the classes whose invariants are 

y = a^ + V(fl? — 1) {^ — 1), S — aP — V{a^--l){^—l) (2) 

are concordant with (a) and (fi). If ^ = a then y = 2a^ — 1 ; and therefore we 

have 6a = ffci — 1* 

Let r denote p or cr according as e. = + I or — 1. Substituting the values 
2a = r* + r~*, etc., in (l), and factoring, we obtain 

Hence a ± & ± c=0 (mod. « — 1 or « + 1 according as e. = + 1 or — 1). The 
indices of the two classes {y) and (S) concordant with (a) and (/?) are therefore 

c^a + by d=a — b (mod. s — 1, « + 1 respectively). 

» 

§4. 

Let 0, 4>, V represent the substitutions of any three distinct or equal classes 
(6), (^), ('4') respectively, and let {&), (^'), (ij/) denote the classes of the inverse 
substitutions Qr\ <l>""^, ^"* respectively. If 0, <I>, V run through all the substi- 
tutions of their respective classes, we denote f by h^^^ the number of times we 
obtain the relation Q^V = E (the identity), or 04>=V'"^ The subscripts 
0, ^, '^ may be permuted in any manner. 

To obtain A^ we determine -^ ; we take a particular substitution of (a), 
compound it with all the substitutions of (j9), 

W- 1, aj k^, 2^-0~ U?+ (2^-^) {a?- l), ^ + a{2^-^)J ' 
and determine how many of th^ resulting substitutions belong to the class (y). 

* For F this relation takes the form a* + )3* + / ± 2ap'y = 1. 
f Frobenins, tfber Gmppenchsraktere, 1896, pp. 987, 988. 
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In order that the resulting substitutions may be of class {y) = {y)* and have the 
determinant unity^ we must have 

a^ + >7(a»-l)+^+a(2^-^)=2y, 

The number of distinct sets of solutions ^, 97, ^ of these equations will give -4^^ . 
Eliminating ^ we obtain 

If (a), {fi\ (y) are discordant the right-hand side is distinct from zero, and we 
obtain s — e^ sets of solutions f. If (a)^ {^)f (y) ftre concordant | the right-hand 
side is zero, and we obtain « + ^a (^ — I) sets of solutions. Hence h^ ^ h 
+ e^^{s + O or h according as (a), (^), (y) are concordant or discordant. 

If we denote the substitutions of (fi) and (v) by P and Q respectively, then 
according as £ = 1 or — 1 will P""* belong to (ji) or (v), and Q"^ to (v) or {(i) 
Hence h^^ = ih^{l — b). Similarly hxwm = iKi^— «)• 

The group H is self-conjugate under the group of all binary linear homo- 
geneous substitutions of determinant :^ ; by a substitution of determinant a 
not-square in the (rjP[^'^] the class {(i) is transformed into {v\ and (v) into (ji\ 
and simultaneously (m) into (n) and (n) into (m). Hence the notations {(i) and 
{v) are interchangeable ; likewise (m) and (n) ; furthermore the interchange of 
{(i) and {v) must be accompanied by the interchange of (m) and (n), and vice 
versa. 

To determine h^^,^ we compute A^ {h^^^ -f ^^^^ + A^„a) ; we take a definite sub- 
stitution of (ji)f compound it with all the substitutions of (v), 

( 0, l\/^,>7 \-(-n, ^ + 2>7 N 



*8ee last paragraph of |1. 

t Dickson, Linear Groups, p. 46. 

% In the case of F we liaye the equations 



i^'-P)'-(a*-l){n + ^^J^ 



(a«~l)(y~l)--(aj3±y)« 
a«-l 



If (a), {p)f iy) are concordant then one of the relations (a' — Dip* — I) — (a/? ± /)' = holds and not the other. 
Suppose that (a*~l) (/S*— D— (a^ + 7)' = 0; then the equations with the upper and lower signs haye 
s + e0i{9—l) and < — e« sets of solutions respectiyely ; in all 2 (< — e«) + ««« sets of solutions. 
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and find how many of the resulting substitutions belong to the classes {X)y (fi), 
(v) collectively, i. e., have the invariant + 1 . We have therefore the equations 

-^+^+4-2^=2. 

Eliminating ^ we get {rj + ^)* = 0, or — ^ =s rj. We can take for fj every not- 
square in the 6?-^" [/>"], thus obtaining i{s — 1) sets of solutions. But h^^^ 
= K^^ — \^^ ; hence \^^ = i A^ (« — 3 + c). 

Proceeding in this way we get the following results.'^ 

A«^ = A + f ««*(« + fa) or A according as (a), (^), (y) are concordant or discordant, 
Aa«A = Ki h^ = 0, h^ = h^^ — ^h{l+ B^j A«,« = Aoan = i A if a + 0, 

^•«i. = '*o«n = * A (1 + f); A— «l = Ki h^^m = i k (l + Of 

A«Ai ^ A^it ^= A.;^ := h^^ := A^,» := A^^ ^ A^^ ^ A«i«j= A^» = 0, 

A-MM = ^••'i' = ^amm = A«n» = J * (l -f ff J, A^^ = *.,!,» = i A (l — sQ, 
f^auM = A«^=iA(l +6.Q, Kmy = ha^n—\h{l — e^Q, 

hi^m = Aj^ = Aa^m — Aafi' = AAmm = ^K%n = ^ A^ (l + «), 
Aa,*,, = Aa^» = %^m ^ f^\vn ^ Aj^^ ^ Aj^^ = Aj^^ ^ AjiH,! = 0, 

A^*^ = f^yp^ = A/itw* = ^ynn = i A^ (« — 2 — Sf), 

A^^, = Krv = ^Mwn = A»p»„ = h^^n = A«^ = i A^ (« — 2 + f ), 

§6. 

The value of a group-character x ^or any class (d) is denoted by x» i ^^^ 
sometimes the value of a group-character for a class represented by a power of 
B or Sis denoted by x i^) or x (^*) respectively. Also Xk =/• 

* These results reduce to a yery few in the case of F, since (0 = (A), (m) = (/<), (n) s (v). For F we have the 
following additional results: A<m^ = 3A + e<' U + e) or 2A according as (o), <a), (j9) are concordant or discordant; 
*ooo = i *» *oo« «= *i ^A s= } « (• + e), Aoof& = Aow = J * (1 + e), Ao«|i = *oai» = ^ *o|t#ft = Krv =s J A (1 + cjy), Aofir 
= JA(1 — «7), where^s^o. 
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We make the following abbreviations : * 

« = 4 (a:^ + a:r + a:m + z») + 2 a:«, 
y = i(zM + «» + «« + a:») + 2?.^:., 

K 
K 

From the relation f 

^»KXtXv=/^^f*'i'X*f 

where (6), {p), ('<)/) are any three classes, we derive the following set of equations | 

xt=P. (I) 

7C'Xi=/X-'f (2) 

• 'X'Xp=M (f? = — f.), (3) 

«MiO x.X0 = x{s-e:) + s,s{Xy + X»), («. = *., «t-^), (4) 

where y and J are determined by (3), §3, 

' f «.«-. = :«< + «(*— e.) + i «.(«—«.) Gc« + ^n) + «. »a:-o»- 1)1 (6) 

^^^j^xS =/+«(«-0 + i*(*-*)(;K. + z. + z« + «.), (7) 

^—7^ z. z^ = « + e.z. + * ^. (z^ — X") + * e«.?.(a:»— X«)i (8) 

^-y-^X'Xr =«+e.a:.— if.(xM — Z») — *«.?.(X»— «•)» (8a) 

^-7^ a:. X- = « + e-aj- + * «.?. (xi^ -«.) + * ?. (a:-— a:«)> (9) 

'—j^ TC^Xn =x + s.x-^— i M.?.(«M— a:0 — * ?. (a:-— a:«)> (»») 

*In the case of F we make the abbreyiationa 

y = ?7oa:o+9i(;tM+A:i')+2 2v«;t«. 

t (Jber Gmppencharaktere, p. 094. 

t We get the eqnationa tot F from (3), (4), (6)~(8a), (10)— (105) if we set ;tM = ATm* ATn » AT*"* ^^^^ remember 
that i (1 + tea) U = 7a. 



Jordan : Oroup- Characters of Varioua Types of Linear Oroups. 397 

a*— 1 . . . /, , x/ 8+2e+4. , . 
—fiT^' =a5 + fy + (l + 6)^ T- (Zm + Z.) 









A 






(11) 



«*— 1 _L I 1 + g I 2— -e, I \ / \ 



/* 



w+_2e+_4. 4. \ j.-L/' \ 



(lla) 



^_1 «»— 1 . 1 — g 

—j—X,^X» =^-Jg- Xm X, ■=■«—» + —^Xi 



2 — e / , V , eg + 2g — 4 ^ . 
4— (AJm + X») H 4^ (a:™ + Xi^h 



(lib) 



ZlXM=/Zm, (12) 

XiX^—fXfi' (12a) 

I. We seek first those solutions for which x»^ ^^<^ it' ^^ distinct. Then, 
according to (12) and (12a), Xm ^"^^ X* ^^® distinct. From (1) we find Xi^^^f- 

Suppose first that xi =/• Then Xm = Xi^ *^<* X* = %-> *^<^ ^o™ (*) *Dd 
(8a) we obtain —^^ ;k. = f. ( 1 + bb^. If e. = — b then ;t. = 0; if t. = 6, and 
if we set the proportionality factor* /= i (« + e), we obtain ;c« = fa- Hence 
X (iZ*) = (J-±JU=i1)!^ ;k ('S*) = - (^-')^(-^)' . According to (3), a = 0. 
If in (6) «. = — c, then jJm + Z» = *> a°d y = i +2^, where e, = 5. The 

number of classes {%) for which e^ = f is J (« — 2 — b\ and therefore 
y = i (« — 1 — b). Similarly 2 = j (« — 2). From (10b) we get 4;^^ ;Cr=l — «»; 

* The proportionality factor may be chosen arbitrarily. See Uber Gruppencharaktere, p. 99V. 
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also we already have Xi^ + X-^ ^- Hence z^ = Zm = i (« ± ^^*)i X- = Xn 
= } (f =F ^Bs). These values of the characters will be found to satisfy all the 
equations. 

Let next ;& = —/. Then Xm = — Xi^f «n = - ^.. From (8) and (8a) 
we get as before ^-i^ ;^=^.(1 —w.). If c. = 6, ;k. = 0; if f.= — e, and if 

we set /= i (« — t), we obtain* ;|r.= f.. According to (3), a; = ; if in (6) 

s^ = s then Xt^'^ X^ — — «> *^d therefore Xm + Xn = «• A.lso y=\{s — 2 + e) 
and 2J = — * (« — 2 + c). From (10b) we obtain 4 ;f^ ;c^ = 1 — bs\ this com- 
bined with Xi^J^ Zr = — « gives ;|r^ = — ;k„ = i (— f ± ^Js), x^ = — Xn 
= i (— « =F ^w). 

II. For all other solutions Xi^'^X^^i *^^ therefore Xm^^X^* Instead of 
equations (lO)-(llb) we shall use the following which are obtained from them 
by addition and subtraction : 

^ «^. =sx+f-%x.. (10') 

^Bsy ={s + 2b)xi. — sxm — ^^fj (10") 

^ — \ 

—J — Xi^ ;:« = «« + xi— ^Xmj (II') 

2€*« = *(l-2i?);C. + (*+2);Cm— 2;K,. (11'') 

We seek first those solutions for which x is distinct from zero. According 
to (3) none of the characters x^ <^&^ ^^ zero; and Xa=^Xy ^^ f«= ^yi ^'* ^-i ^^^ 
characters x^ ^^^ equal for which 6« has the same sign. Since x^ = x-^ ^^ 
follows from (8) and (9) that Xm^=^Xi^} ^^^ therefore from (12) that Xi =/• 

Let c. = u, f^= — 6. Then* y = e + a:.2 f. + aj/^S ^^ = f — c^.. From 
(6) and (8) we obtain 

Z/i = tK* + *)Zm — ^/h 
In the sum x = \ (;Cm + Z. + «m + Z J + 2 (;c. + x^), «• = ^ » * ^ = — ^ ^^^ 

numbers of characters x*i Xfi *^® i (* — 2 — a), i (^ — 2 + e) respectively. 
Hence we have 

x=2x, + k{s-2-e)x. + i{^-^ + B)Xi^^ (5) 

- - 

* From the definition of x we get (k =— e or according as e« =& + e or — f. Hence we have in general 
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Eliminating x^ ^^^ Xfi ^^om (A) and (B) we obtain 

8X={l!^+l)X^—f 

Substituting this value of ^x in (10') we obtain 

xAx.—f) = 0' 

If first Xn = 0, let /= 8 ; then a = y = — 1, ;f . = c, ;|r^ = — 6, in general 
Z-c — ^«> *^d therefore x (^^) = 1» ;C (^*) — — ^* ^^^^ Jti = *• 

If secondly ;c^ =/, let /= 1 ; then xi = Xi^ = Xm = Xa = Zfi= ^* ^^^ 
a5 = «, y = 0. 

III. For all other solutions a? = Ow Then (3) becomes XaXfi == ^ *^— "■^«* 
Not all the characters Xk can be zero. For^ if they were, by giving to €^ in (6) 
the values 1 and — 1 in turn we would have ;^^ -f ;^^ = 0, and therefore /= 0, 
which is inadmissible. 

According to (3) either all x« == ^ for which c. = 1, or all for which e..= — 1. 
Suppose first that ;k«=0 in case 6.= — 1; and let ;g, =/ = «+l. Then, 
since not all the characters x^l for e« = 1 can be zero, we obtain from (8) ;|r^=l ; 
and from (12) ;g^ = l. Iff. = 6^ = 1, and therefore fy = €3 = l, we obtain 
from (4), (6), (6) 

XaXfi = Xy+ Xi* XaX-* = Z-(«a.-i) + 2, xl = Xu*^i + 2. 
If we set x» = iaf ^0 = ^— = 2, these equations can be combined into one : 

where a and b may be distinct or equal. Let r be a new unknown ; if we set 
^1 = r + r-^ it follows from £ii^i=^8+fo that ^8=^+^'"*; then from ^1^2=^8+^1 
it follows that fg = ^ + »•"*; in general ^^ = r* + r"*. From ^£=1 = 2 we get 

r 2~ = 1. We obtain then the solutions 

Xl =/= « + ii a:^ = X. = a:« = aj» = 1; 

X.^^ + r-^ if B. = h ;t^ = 0if6^ = - 1. 
From (10"), (11") we find y=z'= — 1. The above solutions satisfy the 
equation x = except when r = 1, and the equations y = 2; = — 1 except when 
r = — 1 ; and r can be — 1 only when 6=1. If e = 1 the equation rnr = 1 

has — s — solutions distinct from ± 1 ; if a = — 1 it has — « — solutions distinct 

from 1 ; in general it has \ {a — 4 — b) admissible solutions. Since r* and r~* 
give the same value for r* + r"^ these solutions go in pairs, giving \{8 — 4 — b) 
characters. 



400 Jordan: Group-Gharacters of Various Types of Linear &roupa. 

We next let ;g, = —/= — (« + i). Then ;k^ = — 1; and (4), (6), (6) 
become 

Setting x^ — ^., |o = 2, ^t^ = — 2 we get |„|» = !„+» + ^«_». Let 

f 1 = ri + rf *; then as above we obtain ^<j = rf + rf *, and also r,S^ = — 1. We 
have the following solutions : 

Z. = »t+rr'iff.= l, ;c, = 0if6, = -l. 

Now x = 0, j/ = z = e — 1. The above solutions satisfy x = 0, and also 
y=z=e — 1 except when r j = — 1, which can happen only when 6= — 1. 
These solutions furnish \(s — 2 + 6) characters. 

rV. Suppose finally that ;k« = i" case f. = 1. Let /= « — 1. Assuming 
$rst that xi —f we get 'x^ — x. — — \. From (4), (5), (6) we have 

7ux» — — %y— x^y a:.«-=— aj-(»rf-i)+ 2, a:!=— a:«.._i + 2. 

Setting X. = - 6a, 6o = fsfl = 2, we obtain g, |» = f ,+» + fa.* . If |i = < + r» 
then ^j = <^ -|- <~^, and ^ = 1. We have then the following solutions: 

jj, =/= « — 1, ;g^ = ;|r, = ;f„ = 3j, = — 1, 

;C. = 0ife.= l, ;K^=-(<* + r»)ife^ = — 1. 

The equation x = is satbfied except when ^ = 1 ; and the equations 
y=. — l,z = l — 2£ are satisfied except when t-=. — 1, which can happen only 
when e = — 1. These solutions furnish i(« — 2 + 6) characters. 

Assuming next that x^•=■ — /we get ;t^ = — 1, ajm = 1 > *lso 

X. Xfl = — ajv — a:i, x-x-- — — z-(«.«-i) — 2, a:J = — x «..-i + 2. 

Setting ;k.= — ia, ^o = 2, ^if* = — 2, we obtain ^^ ^» = ?»+» + 6«-». If 
^1 = <i + <f \ then ^5 = ^ + <f *, and t{T = 1. We have the following solutions : 

/=«—!, X' = — (« — 1), z^ = a:^ = — 1. a:m = «» = i, 

;C. = 0if6. = l, ;c^ = -(^?+Oif^^ = -l• 

We find that x = is satisfied by all these solutions; and that y = — (1+e) 
and 2 = 1+^ <^f^ satisfied by all except ^ = — 1, which can happen only when 
c = 1. These solutions furnish \{^8 — i) characters. 

The total number of characters thus obtained is 

4 + 2+i(« — 4 — e) + i(5 — 2 + 6) + i(« — 2 + 6)+i(« — 6) = «+4. 
which is equal to the number of classes of conjugate substitutions. 
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Finally, we readily find that for all these « + 4 characters the second 
proportionality factor e is equal to/, where e is defined by 

e 

Below is given a table of the group-characters, N denoting the number of 
characters in the respective columns. 




X>^ 



Xi 



X 



x^ 



xm 



1 



8 — e — 4 8+s — 2 8-\-£ — 2 8 — e 



8 



8 



















a-\- e 
2 

8 + e 
~2~ 

6 ±\/e« 



8 — e 



8 6 



— 6 ±V6» 



e =F Ve* — 6 =F Ve« 



2 

B±:A/e8 



2 



2 



e ±Ve» 



«+l 8 + 1 8 — 1 8 — 



« + l — (»+l) « — 1 — (»— 



— 1 



1—1 — 



— 1 



1 



) 



1 (!+«)(-!) ! QllfKziliV+r- r?+rr» 







r 



— 1 



(i_,)(-i)> (i-t-e)(-i)' 







.—<*—<-» — ^— <j- 



»-l 



where r, r^^ t, ti, are the roots (except ±1) of the respective equations rT = 1, 



ri I = — 1, t s =1, hi = — 1. 



§6. 



By the use of the following theorems, due to Frobenius, we are able to deduce 
the group-characters of F from those of H. 

TT 

If Q is an invariant subgroup of the group H then every character of-^r is also 
a character of H.* 

* Uber die Darstellung der endllchen Grnppon durcb llneare Snbstitationen, Berliner Sitzungsberichte, 
1897, p. 995. 
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In order that a character of H may belong to the group -p it is necessary and 

sufficient that it have the same value for all elements of G. Then it has also equal 
values for every ttoo elements of H which are equivalent mod. G.* 

In the present case the invariant subgroup G of H is composed of the 
substitutions (Z) = ('o';_S) and (X) the identity. Then those and only those 

characters of R for which x,i = Za belong to the group -^z^ F\ and since every 

character of F belongs to H^ we obtain in this way all the characters of F. The 
classes (/£) and {m)^ also {v) and (n), are equivalent mod. G. Hence we can write 
down at once the table of characters for F. 




s — 6 — 4 « + 6 — 2 



;Ca 






a 



» + e 



2 

e^Vea 
2 

(i+g)(-iy 

2 



«+ 1 



a— 1 



— 1 



f^ + r 



— a 



1 



— 1 



(l-cX-l)" 
2 



<* — <- 



»— 1 



where r and t are the roots (except db 1) of the respective equations mr '^ 1, 



I « = 1. 



II. 



The Binary Linear Homogeneous Growp Hi in the 6r/^[2**]. 

The order of J^j is A = 2" (2** — 1), and the determinant of each substitution 
is unity. The group is holoedrically isomorphic with the group of all binary 
linear fractional substitutions in the 6^^ [2*]. 



*Uber Relatlonen swlschen den ChftrftkUren einer Orappe and denen ihrer Untergrnppen, Berliner 
Sltivngsberlehte, 1898, p. 510. 
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We define x = a + 5 as the invariant of the substitution (^' ^) • 

The substitution R = T^' _i J , where p is a primitive root of the G^-F'[2*], 

generates a cyclic group of order s^- \. ^ is conjugate to Br^ and is always 

s — 2 
distinct from it. Hence the powers of R represent — ^ — classes, each contain- 
ing s{8+ 1) substitutions. 

Let or be a primitive root of o*"^* = 1, The substitution S=^(j ij is of 

period s + 1. S^ is conjugate to S^^ and is distinct from it; £hus the powers of 
^S^ represent i classes, each containing s{s— 1) substitutions. 

The substitution T^^f^' ^ j of period two and invariant zero is one of «* — 1 

conjugate substitutions. We denote this class by (0) and the identity by {X). 
The total number of classes of conjugate substitutions ib s + 1. 
Below is given the table of group-characters. 



N 




1 


2»-»_l 


211-1 


X^ 




2« 


2"+ 1 


2" 1 


Zt 







1 


— 1 


«(^) 




1 


r^-\-r-^ 





zm 




— 1 





-<» — <-» 



where r and t are the roots (except unity) of the respective equations r*'' = 1, 
<•+» = 1. As before e =/. 

III. 

The Binary Linear Fractional Orovp Fi in the GF\jp^']y i>>2, of all 

Determinants not Zero. 

The order of -Fi is A = «(«* — 1). The substitutions will be supposed written 
in the normal form, t . e., of determinant unity or a particular not-square in the 

We shall denote the determinant a5 — ^y* ^^ *^® substitution F= (-^J 

by T, where r = 1, or r a particular not-square ; and we shall call =h i (a + J) 
the invariant of F. 
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If two substitutions have not the same determinant they are not conjugate. 
If two substitutions (neither the identity) have the same determinant and the 
same invariant, they are conjugate under Fi. 

By canonical form theory we find that all the substitutions of the group 
can be reduced to one or another of the following canonical forms : 

B) S= (^-^), o a mark :|: of the GF{j^] ; 

where a satisfies a quadratic equation belonging to and irreducible in the 

A) The substitution > a ^ 

^-vo, p-ij 

where p*v""^ is a primitive root of the <r-F[2>*], is of period s — 1, With the 

exception of .B^ which is conjugate only to itself, B^ is conjugate to B~^ and 
is distinct from it. We have therefore ^^ classes represented by the powers 

of Bf each containing s{s+ l) substitutions, except lf-^~, the class represented 
by which contains hs{s'+ 1) substitutions. 

B) The group of all binary linear fractional substitutions in the G^^[j>*] 
of determinant 4= ^ ^^ holoedrically isomorphic with the group* of binary 
hyperorthogonal substitutions in the OF[]f^'] of determinant a mark of the 
GF[p^'] when taken fractionally, viz., 

B, A' 

where A = A' is the conjugate of A with respect to the QF [;>*], and n is a 
mark :^ of the GF yr], 

(Consider the flubstitution /a q \ 

where a is a primitive root of the equation a**^ = v. Since v is an arbitrary not- 
square we may suppose that it is a primitive root of the 6'J'[^"]. Then <r is a 

_ _ __t_m. ■ _■■ !■ ---- ■■-" - - 

* Dickson, Linear Gronps, $ 144, Cor. 



0-= (:^^) {AA + BB = n), 
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primitive root of the G^-F[^^"], and consequently S is of period « + 1. With 



r«+l 



-6 



the exception of St which is conjugate only to itself, S^ is conjugate to S 

s+1 
and is distinct from it. We have therefore --^ classes represented by the powers 

of Sf each containing s{s — 1) substitutions, except /S'V, the class represented 
by which contains i«(« — 1) substitutions. 

The classes represented by the powers of B{S) are characterized by the 
property that x^ — r is a square (not-square) in the GrF{^p'*'], where t = y or 
1 according as the index is odd or even. 

The substitution 

7; = (^), fi a mark d^ of the GFlp""], 

of invariant ± 1 and determinant unity, is one ofs^ — 1 conjugate substitutions 
forming a class (/£). 

The total number of classes of conjugate substitutions is s + 2. 

Below is given the table of group-characters. 



N 


1 1 


1 


1 


8 a 

2 


« — 1 
2 


X>^ 




8 


8 


8+1 


8—1 


«M 










1 


— 1 


xii^) 




1 


1 


ysa 1 f-aa 





xisn 




—1 


1 





_ <»» — r» 


x(^^') 




1 


1 


jA»+i 1 y-ao+i) 





xi^^') 




1 


1 





fO+l ^-(»+l) 



where r and t are the roots (except ± l) of r*"^ = 1 and f^^ = 1 respectively. 
As before e = /. 
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